Theorem (Margulis) . There exists a nonabelian free discrete group ? of a ne transformations which acts properly and freely on R 3 .
In this paper we give a new proof of this result, using ideas from Margulis' original proof 3, 4] as well as geometric conditions due to the rst author 1]. Let R 2;1 denote a 3-dimensional real vector space with Lorentzian inner product B (u; v) = u 1 v 1 + u 2 v 2 ? u 3 v 3 and SO(2; 1) its group of unimodular linear automorphisms. A Schottky subgroup of SO(2; 1) is a discrete free subgroup of SO(2; 1) such that every element other than the identity has distinct real eigenvalues. (The usual de nition is more geometric, although it is equivalent to this one.) Let E denote the a ne space corresponding to R 2;1 ; as ( at) Minkowski space, it is a simply connected complete at Loretzian manifold and as such is unique up to Lorentz isometry. We denote the group of translations of E by V; as a vector space is naturally Both authors gratefully acknowledge partial support from National Science Foundation grant DMS-8613576 as well as the Alfred P. Sloan Foundation for the second author. This is a revised version of a paper which appeared in International Journal of Mathematics, 1 (1990) Since such a homomorphism is necessarily an embedding, we shall also refer to its image ( ) as an a ne deformation of .
Theorem. Every Schottky group of genus k > 1 inside SO(2; 1) possesses an a ne deformation which acts freely and properly discontinuously on E .
(This answers a question raised in Margulis 3] .) The set of a ne deformations of is the space Z 1 ( ; R 2;1 ) of 1-cocycles and our proof provides a nonempty open cone of 1-cocycles determining properly discontinuous a ne deformations.
In 5] it is shown that a connected group of a ne transformations acts properly only if it is amenable; thus it seemed natural to conjecture that a closed subgroup (in particular a discrete subgroup) of the group of a ne transformations which acts properly must also be amenable.
In 5] Milnor showed this question is equivalent to whether a free group of rank two can act properly discontinuously by a ne transformations. In 2] it is shown that a discrete group ? of a ne transformations acting properly on R 3 must be amenable, provided that the quotient space is compact; indeed it is shown there that unless ? is amenable it preserves a parallel Lorentz metric. In 1] fundamental polyhedra for these actions are constructed explicitly from which it is shown that the quotient manifolds are solid handlebodies.
We are grateful to G.A.Margulis and G.Soifer for several helpful suggestions.
1. The Geometry of R 2;1 .
The set fx 2 R 2;1 j B (x; x) = 0g of null vectors forms the the light cone and its two components form the time-orientations of R 2;1 . We choose one component as the positive time-orientation and denote it: W + = fx 2 R 2;1 j B (x; x) = 0; x 3 In particular the \dual" of J, the set of all v 2 R 2;1 such that B (v; u) > 0 for all u 2 J, is a compact convex cone in R 2;1 having nonempty interior. Since (h; u) is independent of u, henceforth we write (h) = (h; u). and C(h) is the x-axis. In particular if h acts freely, the quotient E =hhi is a complete at Lorentz 3-manifold di eomorphic to a solid torus having C(h)=hhi as a core (spacelike) closed geodesic. Margulis' invariant (h) = t represents a kind of \normalized signed Lorentzian length" of the core closed geodesic on the cylinder E =hhi.
We denote the free group of rank k by F k and we denote the length of the word w 2 F k by`(w). Lemma 1.5 (Margulis) . We observe that in general we cannot expect that w(h 1 ; : : : ; h k ) itself is -hyperbolic. Consider a sequence of words n = w n 1 w 2 w ?n 1 where w 1 is hyperbolic; then both x + ( n ) = w n 1 x + (w 2 ) and x ? ( n ) = w n 1 x ? (w 2 ) converge to the same null vector x + (w 1 ). For su ciently large n, x + ( n ) and x ? ( n ) will be arbitrarily close and n will not be -hyperbolic. The following discussion will illustrate the importance of considering the coset g? rather than ? itself. If corresponds to a reduced word it will be possible to determine the locations of the null eigenvectors x ( ) from its initial and terminal letters (Lemma 2.1).
Although n itself may correspond to a reduced word, its \rearrange-ment" 0 n = w n?1 1 w 2 w ?n 1 w 1 will generally not be reduced if the initial and terminal letters of n happen to be inverses.
Schottky groups in SO(2; 1)
Let P denote the set of rays in the positive nappe W + of the light cone; P is di eomorphic to a circle upon which the group G acts by projective transformations. We realize P concretely as the cross-section S 2 \ W + ; then the action of g 2 G on P is given by g : u 7 ! g(u) kg(u)k where g 2 G and u 2 S 2 \ W + . Proof. Let = w(h 1 ; : : : ; h k ) for w 2 F k . We compute (g ) using C`(w) establishing condition (2) of Lemma 1.5. The rst condition of Lemma 1.5 follows from (2.1). Applying Lemma 1.5, ? acts properly on E as desired.
